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Abstract - The general mode I crack problem for orthotropic plates under bending and membrane
IO;lding is considered. First the bending problem for a series ofcoplanar through cracks is formulated
and the em.'Ct of material orthotropy on the stress intensity factors is studied. By varying the sill,
independent material constants one at a time it is shown that, with the exception of Poisson's ratio,
all other material constants may have a considerable effect on the stress intensity factors. The surface
crack problem is then formulated by using the line spring model with a transverse shear theory of
plate bending. E:l:amples are given for composite laminates and crystalline plates containing one or
two semielliptic surface cracks and subjected to membrane 10;lding or bending. Here, 100. by
comparing the results with the isotropic plate solution, it is shown that for severely ortholropie
materials such as composite laminat~'S the eflt.'Ct of material orthotropy on the stress intensity f'lctors
could he rather signitic.tnt.

I. INTRODUCTION

In studying the mechanical I~tilure ofstructural components that may locally be represented
hy a "pl..tte" or a "shell", very orten one has to consider the suberitieal crack growth
initiating from surt~H;e imperll:ctions as a possible mode of failure. The underlying three·
dimensional ehtsticity problem appears to be analytically intractable. Thus, the existing
solutions of surface crack prohlems are based brgely on the finite element method (for
typical studies sce, e.g. Newman and Raju (1979), Raju and Newman (1982), O'Donoghue
('/ al. (1986) .md Nishioka and Atluri (1982». Highly etlcctive solutions, however, have
also heen obtained by using the rekltivcly simp\r.: method of a line spring model in eon~

junction with it plitte or a shell theory (Rice itnd Levy, 1972; Delale and Erdogan, 1982).
In this paper the m.tin interest is in the effect of material orthotropy on the stress

intensity factors. In components such as composite laminates, rolled plates and other
oriented materials in which the clastic properties in thickness direction may be dilferent
from the in~plane values, the assumption of material isotropy may give misleading results.
It may be observed that these materials, particularly composites, are multiphase materials
and. conse4uently, in analyzing the processes involving flaws that are of the order of
microstructural dimensions, they would have to be treated as non~homogeneouselastic
continua. On the other hand if the component contains macroscopic flaws having sizes
much greater than the local microstructural dimensions and if the material is sufficiently
ordered. it may be treated as a homogeneous anisotropic or orthotropic continuum. In this
study it is assumed that the plate is orthotropic and contains coplanar surface cracks that
may be longer than the plate thickness. The problem is solved by using the line spring model
along with Reissner's plate theory (Reissner, 1945; Medwakowski, 1958). The plate is
assumed to be under symmetric bending or membrane loading and only the mode I problem
is considered.

2. EQUATIONS OF ORTHOTROPIC PLATES

Following Rcissner, if we assume that the stress components UII> Un and Ul2 are linear
in the thickness coordinate X3 and

(JJ\(XI.X1,hj2) = 0, (JH(Xl,X1' -hj2) = q, (JJi(XltXZ' +h/2) = 0 (i = 1,2) (I)
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from the three-dimensional equilibrium equations it may be shown that (Schafer. 1952:
Timoshenko and Woinowsky-Krieger. 1959)

3~'1( 4X~) 3V~( 4X~)
Un = 2h 1- h2 ' 0'23 = 2h 1- --;;r-

3q (2XJ 8x~ 2)
O'n = -- - - -- +-

-- 4 h 3h J 3
(:~a-f)

where kIll and Vi (i = L 2) are, respectively. the moment and transverse shear resultants
and h the thickness. Also. from the equilibrium of the plate element we have

~ 1 '["L,t' Ii ,
L.---.=1:--~I=O
I (.\ !

u= 1.2).
?VI t:V1
-~- +--- +q = O.
<""XI ?X~

(3,1-1.:)

The following average rotations and displacement arc now introduced by using the
balance of work done hy the resultant forces through these average values and hy the
corresponding stresses (f'i through the actual tiisplm:cments II, (i,j = 1.2.3) (Schiifcr. 1(52):

6 f/r,"~ Xl
Ill:::::: }'2 111/,/" <.IXl

I _",! I _

3 f"/~ ( 4 \-~)
w:::::: ;/ Ul 1- }-'jJ dX,I_

_ I ",2 I

Let the stress-strain relations of the material be

(4a -c)

ell
e, = --'

iI ;')
{X,

J

L Sllff !} (i = 1,2,3)
/- I

(5a-f)

Notc that for orthotropic materials S" = Sw By integrating in XJ from cqns (2), (4) and
(5) it follows that



The surface and through crack problems in orthotropic plates 169

(6a-e)

Technically eqns (3) and (6) give the complete formulation of the orthotropic plate under
bending, By substituting from eqns (6) into eqns (3) one obtains three second-order equa
tions in fJ I' fJ ~ and II' that are equivalent to a sixth-order system. Hence three conditions
need to be prescribed on the plate boundaries for a unique solution,

Equations (3) and (6) may also be reduced to the following system in the unknown
functions 11', V I and V ~ :

VI,I + Vu = 0

VI +A I VI,II +A 2 Vl.22 -A1H',111 -A 4 11',122 = 0

(7ac)

where it is assumed that (/ =0, the standard notation for partial differentiation is used and
the constants A, arc

h
2

( Sss)At. = - 10,1 S11S44+SI~SS5-,1S-;:~ ,

,1 = SIIS~2 -SI~S21'

hI
Ax = - ----·-SII

12,1

(8)

By introducing the stress function F such that (Mcdw;lkowski, 1958)

w = F.z+AIF.llZ+A2F.11z

VI = A1F.11l1+A4F.12ZZ

eqns (7) may be shown to be identically satisfied provided

(9a-<:)
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where
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B I = - A J. Be = - 2.1 ~. B J = - A ~. B ~ = - A J A ;. B 7 = - A cA X

B; = -A~A;-AJAb-AIA~. B 6 = -A~Ab-AcA~-AIAM' (II)

Similarly. with the usual generalized plane stress assumption

in terms of the Airy stress function ¢ the membrane problem may be formulated as

(12)

( 13)

(14)

where

(
5 )1 c

C - ---'I
~ - IS~~

( 15)

J TilE TIIROUGII CRACK PROIlLEM··IlENDlN(J

Consider now the bending problem for an infinite orthotropic plate containing a series
of through cracks on the x I = 0 plane (Fig. I). It is a%umed that x I = 0 is a plane of
symmetry and through a proper superposition the problem is reduced to a perturbation
probh:m in which self-equilibrating stress resultants acting on the crack surfaces arc the
only non-zero external loads. By using the standard notation

and by expressing the solution of egn (10) in terms of the following Fourier integral:

Xl
~-

-
-a a

x2

\. Xl

Fig. I. The geometry of through and surface cracks in a plate.
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the characteristic equation for m is found to be

After solving eqn (18) the roots may be ordered such that

!7!

(17)

(18)

(19)

Observing the assumed symmetry. it is sufficient to consider x > 0 half of the plate only,
Thus the solution satisfying the regularity condition at x == 00 would be

3

r(x. IX) = L Rj(iX) emr'.
i= I

(20)

Note that once the unknown functions Ri (j = I, 2, 3) arc determined, the quantities lV'i'
Vi and t~i (i,j = 1, 2) may be obtained from eqns (19), (17). (9) and (6).

The unknown functions R I • R1 and R3 arc determined from the following boundary
conditions:

M,v(O,y) =0. V,(O.y)=O (-oo<y<oo)

M ...(O,y) "'" PI (y), yeI..:

tJ,(O,y) =0. ye L~

(2ht, b)

(22~1. b)

where 1'1 is a known function, Lc refers to the system of crucks on the x := 0 plane 'lOd
(l.•+ L~) == (- 00, (0).

From eqns (6). (9), (17) and (19) the quantities that appe.tr in boundary conditions
(21) <lnd (21) arc obtained as

(13a-<l)

where t\ is denned by eqn (8) and the functions Oikx) (i = 1,2,3) are given in the Appendix.
Denning now a new unknown by

c
g(y):= iJyP,(O,y) (-00 <y < (0) (24)

the functions R; U == 1,2,3) may be obtained in terms of9 from eqns (21) and (23b)-(23d),
The expressions of R j thus found are also given in the Appendix.
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Condition (22a) which is yet to be satisfied determines the unknown function g. Thus.
by substituting from the Appendix and eqn (23a) into eqn (22a) we obtain

(25)

where K is a known function. The singular behavior of the kernel which determines the
asymptotic nature of g near the ends of Le is obtained by examining K for:x -+ +: x. let
K" (x.:x) be the asymptotic form of K for:x -+ +: x. The kernel in eqn (25) may then be
expressed as

L", K(x.:x) e"It-" d:x = f", K"(x.:x) e"It-,1 d:x+ f', [K(x.:x)-KX(x.:x)] e 'III ." d:x.

(26)

After some lengthy manipulations it may be shown that for x -+ 0 + the first term on the
right-hand side of eqn (26) gives a simple Cauchy kernel and the second is bounded. The
integral equation. eqn (25). may thus be expressed as

where III is a material constant and the Fredholm kernel is ohtained from

k(r. t) = f, [K(O.:x) - K '(O.:x)1 e"" " d:x.

(27)

(2X)

Note that if Lc consists of the line segments L, (i = I ....• Il) on the y-axis. from eqn (24) it
follows that eqn (25) must be solved under the following singlc-valuedness conditions:

r q(y) dy = 0 (i = I ..... 11).
JI.,

(2lJ)

For coplanar through cracks along Le = L L,. L, = (iI" h,). the simplest way of solving
I

eqn (27) would be to let

q(y) = q,(y). fI,(y) = fll,(y). ii, < .I' < h, (i = I ..... 11)

rewrite eqns (27) and (2lJ) as

(30)

" 1" [ I ]III L ' _. +k(y. I) q,(t) dl = fll,(y).
,_ I II

j
I }

a, < .I' < hi (i = I ..... Il) (31 )

1"•g,(y) dy = 0
"~,

U= I ..... n) (32)

and treat eqn (29) as a system of singular integral equations in 91.··· .9". The intervals
(a" h,) may then be separately normalized to ( - I. I) and the system may be solved by using
a standard Gauss-Chebyshev integration technique (Erdogan. 1978). Referring to. e.g.
Muskhclishvili (1953), it is known that the solution ofeqn (31) is of the form
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~(~ .
g,(y) = [(b,- y)(y-a,)] 11' a, < Y < bi (I = I .... . n)

173

(33)

where the functions G, are bounded in the closed interval [a.. b,] and G;(a,) ::/: 0, G;(bi) ::/: 0
(i= I..... n).

In this study the primary interest is in the stress intensity factors at the crack ends ai

and b, (i = I•...• n). The standard definition of the mode I stress intensity factor at, e.g.
r = b is• I

(34)

From eqns (22) and the derivation of the integral equation. eqn (27). we observe that the
left-hand side of eqn (27) or (31) corresponds to M.u(O.y) for y outside as well as inside
the cracks. Thus. from the asymptotic analysis of the solution of the singular integral
equations. eqn (31). near the end points a, and bi it may be shown that

lim J(2(aj -y»Mu (O.y) = lim J(2(y-a,»1tJI.9,(Y) (i = I .... . n).
v-u/-o y~~+O

(35a. b)

From cqns (241) and (33)-(35) it thcn follows that

I"~

kdh,.:) = -1tJI, ,-;, lim J(2(h,-Y»9,(Y)
" ,'.h,' 0

12: G,(hj )= -1tJI II ,,, _._,

" J«hi - a/)/2)

12: G,(a,) .
k,(a,.:) = 1tJlI I,T :i«h:'=-~,)/2) (I = I ..... n).

4. THE THROUGH CRACK PROBLEM-MEMBRANE LOADING

For the in-plane loading problem expressing the solution of eqn (13) by

I fL. ,
c/J(x.y) = ;;-' l{I(x.:x) e "I~.V d:x. l{I = P(:x) en.•

_7t - L

the characteristic equation is found to be

(n)4 (n)2
; +2C, ~ +C~=O

(36a. b)

(37)

(38)

where eland C 2 are given by eqns (15). Noting that since generally S 12 < O. the roots of
eqn (38) may be real or complex. Thus. the solution of eqns (37) satisfying the regularity
conditions at x = 00 may be expressed as

,
l{I(x.:x) = L Pia.) e -n,.cI>l

1

if the roots (II/:X) = += n j (i = 1.2) are real (defined as "material type I"). and

(39)
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(40)

if the roots (n:x) = +(ql +iq:) are complex (defined as "material type 2") where nt_ nc. 'It
and q: are positive constants. The unknown functions P t and P: are determined from the
following boundary conditions:

Defining

N<v(O,y) = 0, - XJ < Y < :r::

Nu(O.J? : p:(y~_ .~~E L}
u,(O,J) - 0, J EL.

CO'- u ( ,y) = j ( ~,) - 00 < .r < (X,(ly ., . '

(41 )

(42a, b)

(43)

and following a procedure similar to that described in the previous section. the integral
equation to determine f(y) is found to be

where

(44)

for material type I. and

II I
}I, =

- It .S'::tlttl:(l1 t +tlJ

II I
}t: = It 2.')::l/ d 'If + (Ji)

(45)

(46)

for material type 2. Again, from eqns (42b) and (43) it follows that f must satisfy the
following single valuedness conditions:

Also. if we let

l./(t) dt =° (i = 1.2, ... ,n). (47)

., F;(y)
}(y) =J,(y) =[(b )( )] l' a,<y<h, (i=L .... I1) (4X)

,-yy-a,

and observe that f':(Y) = IU1 u(O, y) the stress intensity factors at the crack tips hi and a, are
found to be (see eqn (34»

(49a, b)

5. THE SURFACE CRACK PROBLEM

In the case of a plate containing a series of coplanar through cracks the bending and
membrane problems are uncoupled and the respective solutions are given in the previolls
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(a)

N

N

8 &+d&
"'"'--------'--.....J..-_8

o
(b)

Fi~. 2. The ed,ge-cracked strip under plane strain conditions used in the development of the line
spring model.

sections. In plutes with surface cracks, since === 0 is no longer a plane of symmetry (as in
rnemorane loading) or antisymmctry (as in Ocnding), dearly the problem cannot be
unc(lupled. In a plate with surl~lce cracks the net ligament under the crack would generally
havc a constraining ellcct on the opening of the crack surfaccs. In this case, representing
the net ligament stress"" (O,y, =), (a, < y < hi, - h/2 < = < h/2 - L, Fig. 2) oya membrane
load N and a bending moment M, and the cnlck surface displacement due to Nand Mas
an opcning (at:: =0) () and a rotation 0, the three-dimensional crack problem may bc
reduced to a two-dimensional coupled bending/membrane plate problem. Furthermore, by
assuming that the relationship between (N,!vI) and (15,0) may be found from the plane
strain solution of an edge-cracked strip, the pair of functions (S,O) or (N, M) can he
determined from the corresponding mixed boundary value problem for a plate having
through cracks in which Nand M are treated as unknown crack surface loads.

We now observe that in the absence of any cracks if the applied loads at the x = 0
phlne arc given by

M,,(O,y) == MoC~'), M,y(O,y) = O. V,(O,y) = 0

N,,(O.y) == No(Y), N,y(O,y) =0

(50)

(51 )

the surl~tce crack problem may be formulated by using the through cnlck solution in which
the (unknown) crack surface tractions include l\tt(y) and N(y) representing the effect of net
ligament stress ".,. Thus. the integral equations, eqns (27) and (44), may be modified as
follows:

It I 1. [0 +k(y,t>].q(t) dt == -Mo(y)+M(y), yeL

1fU)
Jt2 -dt= -No(l')+N(r), veL.Lt-x ~..

(52)

(53)

In order to solve these equations first the relationship between the pair of functions U.l, N)
and (0, (5) must be established. where
(lAS l'i:2-r
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8(y) = 2P,(Y).
I de

g(y) = 0' ~,

2 dr

I dJ
J(y) = 2u,(0.y). f(r) = ~ --.

. 2 dy
(5~a-<i)

This relationship may be found by expressing the energy available for fracture in two
different ways: as the strain energy release rate in terms of the stress intensity factor and
as the product of the load-load point displacement at the x} = 0 plane (Rice and Levy.
1972). In an orthotropic plate with an edge crack subjected to a membrane load N and a
bending moment At (Fig. 2(a». if k , is the stress intensity factor obtained from the plane
strain solution then. from the incremental crack closure. the rate of energy .available for
fracture may be obtained as

C IT
'§ = ~- (U - V) =-- ki

(~L 111
(55)

where U is the work done by the applied loads. V the strain energy. and III a material
constant given by the elasticity matrix S,! as follows (Sih and Liebowitz. 1968):

h ll = (.')·I\S~~-S~d/S~~. h~! = (SIIS!!-SU/S!~

hl~ = S". h"" = (SI\S~~ -SI!S~Jl/S!:-

(56)

(57)

For the edge crack shown in Fig. 2(a) the stress intensity factor may be expressed as

(5H)

(59)

where the "shape functions" !/, and 9h are obtained from the results given in Kaya and
Erdogan (1980). Referring to rig. 2(b). the energy available for fracture may also be written
as (Erdogan. 1986)

dU = N dJ+M dO. dV = hN dc)+M dO)

(, I (c:c) (10)
~Ij = _ ( U - V) =. N _ + At ~. .. .

(L 2 (L ('L

From eqns (55), (58) and (61) it may be shown that

Iz 21zo= (2hhl1h + '2h,I1,)
6 III

. 21z
() = (ex'hl1" +(X"I1,)

Il J

where the compliance coel1lcients (x" arc given by

(60)

(61 )

(62a.b)

21z f":.x" = ,-- 9,9, dL
II} ()

Referring now to eqns (54) we have

(i. j = b, t). (63)
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O(y) = :2 f 9(1) dt. J(y) = :2rf(t) dt. yE L i •

177

(64a.b)

Thus. by substituting from eqns (59). (62) and (64) into eqns (52) and (53) we obtain

= -Mo(Y). a, < y < hi

n Ibi
I.(t) [h 1" 1,1' ]

J.l: j~1 ~i t~y dt-1l
j 6f 'b d. 9,(t) dt+,'tt ~. j;(1) dt

= -NoCv). a, <y<hi (i= 1. .... 11) (65a.b)

where "i} (i. j = b. t) are functions of y and are given by

!X tt
I'hb = 'A--'

On

~tb

{'Ib = - A-'
On

OCbb
1'u =

.1 0

(66)

The shape functions lit and .tIb arc tabulated in Kaya and Erdogan (1980). To simplify
the manipulations they are represented here in the following analytical form:

I.;

.tI,(s) = J.\. L CkS=k. of = LI"
n

K

!/h(S) = Js L elkS=k. S = LIII.
n

(67a. b)

For materi.lls 1--3 the slress intensity I~lctors obtained from the plane strain solution
of a strip with an edge crack under a membrane load N or a bending moment M arc given
in T'lble 3 (Fig. 2(a». Table 4 shows the corresponding coellicients Ck and elk giving the
shape functions.'l, and.'ll1 defined by eqns (58) and (67). After solving the integral equations.
eqns (65). for .if and j: the slress intensity factor for the ith crack may be obtained by
substituting from

(ti, < Y < h,)

1
l 1" 1

l l'at(y) = 6.1 flbCV) 9 dt+ -I! ,'ttLI') fdt (a, < y < h,)
Il, I "t

into eqns (58).

6. RESULTS

(i= I, .... n) (68a. b)

The clastic properties of the materials considered in the examples arc given in Table
I. Material I is basically isotropic .lnd is included for the purpose of comparing the results
with previous studies. Materials 2 and 3 arc graphite-epoxy composite laminates. Except
for the 90' rotation in the axes oforthotropy. these two materials are identical. Some limited
results are also obtained for a crystalline material. TOPAZ (SiO=Ah(FOHh) (Hearmon.
1961). Table 2 shows the properties of TOPAZ designated as materials 4 and 5. Again. the
difference between these two materials is a 90' rotation in axes of orthotropy. In all cases
the crack is located in the XI = x = 0 plane.
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Table I. ElastIC constants of materials 1-3

Material I Material 2 Material 3

E,
pSI 2.2-W7, Ill" 5.S6, 10" 22.2)( 10"

GPa 15.~77 ~OA05 153.069

E,
psi 2.26 x [0" 2.2.2 x 10" 5.S6, 10"

GPa 15.5S3 153.069 ~O.~O5

E,
pSI 2.26, [0" 3.3 x 10" 3.3 x lO"

GPa 15.5S3 22.754 22.754

C"
pSI 0.S66 < Itt 425, Itt ~.25 x 10"

GPa 5971 29.304 29.304

C,
pSI O.S66 , lO" 0.592 x 10" 0.225 X 10"

GP" 5.971 ~OS2 1.551

C"
pSi 0.S66 "< [0' 0.255 x 10" 0.592 "< 10'

GPa 5.971 1.551 40S2

\'<\ IU 0~X4 I.S3~

l.',.", 0.3 0.195 0.261
r,+ 0.3 0.261 0.195

Tabk 2. [\astl<: <:(lnstants (lr TOPAZ, mat<:rials ~ and 5 (in units or
[0 "<:m' dyn '(I karmon, 1')(,1))

Mah:rial ~

s" = ~.~3

S" 1..,1'
SoH l).:!5

S" .\.53
S" 1..\1'
SI.' 7.52

S .. , = 353
S" =, --11.86
S" ~ 7.52

S" ,,·.4.-l.I
S" ,·0.1>6
S" 1).25

s" ,~3.84

S,. = -0.66
S"" 7.1>.1

S" ~, .'.84
S" -0.1'6
S"" 7.1>3

Tabk l Slr<:ss intensity ra<:tors in a strip <:(lntaining an <:dge era<:k nnder membrane loading .v and bending
moment M (11, " N/iI, 11" = 6M'iI' (hg. 2(a))

Material I Material 2 Material J
I. k k k, kh k k, h , h

iI l1,v I. I1hV I. 11, ... ' I. 0 11 ...../ L 11, ...1I. I1 h ...! I.

0001 1.122 1.120 1.042 1.041 1.050 1.049
0.1 1.11'9 1.0-17 1.121) 0.9')2 1.134 0.91)6
02 1..11>7 lOSS 1..111' 1.013 1..121 1.016
IU 1.61>0 1.124 1.607 1.01'.1 1.611 1.086
tU 2.111 1.21>1 2042 1.211 2.048 1.215
0.5 2.H25 1.491' 2721 1.430 2.730 1.4.16
0.6 4.0JJ 1915 .I.XIJO IXI~ J,~76 I.S2J
0.7 6.355 2.721' (dUX 2.56.1 6.068 2.577
0.1' 11.955 4N)1 11277 4.372 11..150 4.402

Tahle 4. The codlieients c, and el, for the shape run<:tions.'I, and.'!h (eqn (67))

Material 1 Materi,d 2 Material 3
k c'" el, c, d, c, d,

0 1.122 1.120 1.047 1.043 1.055 1.051
1 6.520 -1.8X7 7.6.19 -1.610 7.461 -1.664
2 -12.3XX IX.014 -27.969 17.276 - 25.426 17.517
3 X9.055 - 87.31'5 175.360 -X4.9X9 160.659 -85.711
4 -IX8.60X 241.912 -439.451 232,556 -396.808 234.182
5 207.387 -319.940 557.540 -304.196 498.577 -306.252
6 -32.052 161'.011 - 222.80 158..107 -191.359 159.403
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Table 5. The effect of Poisson's ratio and crack length on the
normalized stress intensity factor k ,/(1."/a in an isotropic plate
containing a through crack and subjected to bending M ,", '= '\/0:

(1. '= 6Moih1 (Fig. I. eqn (71))

v

ah 0.5 0.3 0

0.01 0.9995 0.9993 0.9990
0.05 0.9900 0.9885 0.9851
0.1 0.9717 0.9676 0.9583
0.25 0.9111 0.8992 0.8735
0.5 0.8383 0.8193 0.7804
1 0.7707 0.7475 0.7020
2 0.7247 0.6997 0.6518
4 0.6960 0.6701 0.6211
6 0.6847 0.6586 0.6091

10 0.6746 0.6481 0.5984
100 0.6575 0.6306 0.5803
200 0.6292

1000 0.6276
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By using the solution given in this paper. first the results given by Joseph and Erdogan
(1987) for an Isotropic plate with a through crack under bending are reproduced. These
results are given in Table 5 for reference. The stress intensity factors shown in Table 5 are
ohtained from eqns (32) and (36) for a single crack oflength 211 and for the uniform bending
moment (sec elln (21) and Fig. I)

M,,(O.y) = I'I(Y) = - Mo. -a < y < a.

In terms of the surillce stress given hy

(69)

(70)

for a single crack the stress intensity factor defined by eqn (36) may be normalized and
writlen as follows:

The notation

k,(a.:) : k,(a).. =
abJll "/2 abJl1'

(71 )

(72)

is used in all through crack results given in this paper.
The clrect of material orthotropy on the stress intensity factor in a plate containing a

single through crack under uniform bending is shown in Fig. 3 where material I is isotropic
and the properties of materials 2 and 3 ure given in Tuble I. The figure shows that the
deviation from isotropic results can be considerable. It should be emphasized thut in the
purticular plate theory used full muterial orthotropy had to be considered. Hence. from the
results given in Section 2 it muy be seen that with S,j = Sji there ure eight independent
muteriul constunts in bendingt and four in membrune formulution of the plute. Further
more. by normulizing. the number of independent muterial purameters can always be
reduced by one. From eqns (13)-(15) it may also be observed that for q = 0 the bending
formulation is not dependent on SIJ and S2) (or \'11 and \'21), and consequently in the
through crack case there are only six independent constants. However, in formulating the

t S J J docs not enter into the formul;ltion.
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0.6

h/a a/h

Fig. 3. The clTect of the plate thickness on the noml;lIiled stress intemity factor in a plate conlaining
a single through crack under bending moment ,\(:, = M". "n = 6'\("lh: (Fig. I. Tahle I)

part-through crack problem, in addition to membrane loading and bending of the plate,
one has to consider the plane strain crack problem for the orthotropic medium in the x-;

plane. As a result, the formulation of the surl~tce crack problem involves all nine material
constants.

In an allemptto tktermim: the cll'cd of the individual material constants, the through
crack bending stress intensity factors for ajlz I were calculated for a series of lictitious
orthotropi.: plates where in e;l\:h case only one or two material constants arc varied. The
results arc shown in Fig. 4. Th.: stress int.:nsity fa.:tors given in Fig. 4 ar.: calculated for
v, ~ = 0.5. In these problems the elket of Poisson's ratio is not very signilieant and is quite
similar to that observed for isotropic plates (Table 5). A sample result showing the elkct
of (i I I and \', ~ is also givcn in Table 6. With the exception of the particular material constant
that was varicd. the plate is assumed to bc "isotropic". For example in Table 6 thc material

1.0

R-

0.4 L...J1..-l-.L...J..~...I.-.J_.l.-l.....JL-I--L-.I.....L....I.-""'-...L-'--~

o 0.5 0.5 0

R l/R

Fig.... The clfL'Ct of individual material constants on thc normalizcd stress intensity factor in a plate
~ontaimng a single through crack under h<:nding moment ,\{:; = M'l>"n = bM,,!h". (a'h) = I.
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Table 6. The effect of the transverse shear modulus
G, J on the normalized stress intensity factor
k ,/(lbJa in an orthotropic plate with a through crack
under bending M~ = ,~,fO. (lb = 6,14o/h". a/h = I (Fig.

I. eqn (71))

G'J 0.5 0
G,:

0.001 0.985 0.978
0.01 0.930 0.899
0.1 0.826 0.765
0.2 0.801 0.736
0.5 0.780 0.713
1 0.771 0.702
2 0.766 0.697
5 0.763 0.694

10 0.762 0.692
100 0.7605 0.6911

1000 0.7604 0.6910
10.000 0.7604 0.6910
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Table 7. Th.: elfect of the interaction of two coplanar through cracks on the normalized stress intensity factors in
an isotropic plate under b.:nding M:. = M". (1. = 6M,,/h:. v = 0.3. a = (",-a,)!2. c = (":-a:)/2. d ="2-b,

(Fig. I. eqn (71))

c d
0.5 2--0.1 0.25 CfJ

{/ {/

I (J.!17'J9 O.K551 0.K313 lI.KlI45 lI.779K 0.7475
k,(a,) lJ.5 0.K071 lJ.793K 0.7K21 0.769K 0.7593 0.7475

(1.Ja lI.25 0.7711 0.7647 lI.759K 0.7551 lI.75 13 lI.7475
lJ.1 0.7532 0.7512 0.7511l1 lI.749l1 0.74K2 0.7475

I 1.294 l.lI76 lI.9599 lI.K697 0.K049 0.7475
k,(!>,) lI.5 1.063 0.'.1143 lI.K45K 1I.7995 O.769K 0.7475
(I.Ja 0.25 0.'.1161 lI.K2211 1I.7K63 lI.766.l lI.7550 0.7475

lI.1 O.KlIKK lI.767K 0.7563 0.7514 0.74K9 0.7475

1 1.294 1.076 0.'.159'.1 lI.K697 0.K049 0.7475
k,(a,) 0.5 1.012 O.l!4l15 0.749K 0.67116 0.6261 0.5794

(I•../a 0.25 0.7990 0.6595 lI.51167 0.5297 0.4K72 0.4496
0.1 0.5647 0.4577 0.4l137 0.3627 0.3325 0.3060

I O.K799 0.K551 O.1l.l13 O.l!O45 O.779l! 0.7475
k,(h,) 0.5 0.7395 0.7071 0.6771 0.6434 0.6132 0.5794
(I.Ja 0.25 0.6275 0.5l!67 0.5507 0.5135 0.41116 0.4496

0.1 OAl!17 0.4293 0.3917 0.3577 0.330l! 0.3060

constants are assumed to be E I , = E21 • G 11 = G1J = E 11 /2( 1+ V l l) and G I J is varied relative
to the remaining constants. As the varying material constant approaches infinity, there does
not seem to be any ditnculty in calculating the limiting value of the stress intensity factor
(sec Table 6 and Fig. 4). This is only partly the case for R - O. One of the interesting results
observed here was that as G 1.10 G2J or both approach zero, the stress intensity factor tends
to the plane stress value ubJa. In all cases k , is a monotonically increasing or decreasing
function of R except for varying Gil for which k I seems to have a maximum at R ;:= 0.75.

To give an example for the interaction ofcoplanar through cracks the problem of two
cracks shown in Fig. I is considered. The stress intensity factors for the bending problem
for an isotropic plate (reproducing the results given by Joseph and Erdogan (1987) as the
special case) are shown in Table 7. The corresponding results for the orthotropic plates are
shown in Tables 8 and 9 (see Table I for material constants). For comparison Table 10
gives the stress intensity factors for through cracks in a plate under membrane loading for
which the results for isotropic and orthotropic materials are, of course, identical.t The
contents of these tables are self-explanatory and such trends as the stress intensity factors

tThis result follows directly from eqn (44). see also Krenk (1975).
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Table S. The effect of the interaction of two coplanar through cracks on the normalized stress intensity factors in
an orthotropic plate under bending M ,'., = M". I1 b = 6.\I,,;h'. a = (h, - a,) 2. c = (h, -£1,)-2. d = a, - h, (Fig. I.

eqn (71) l. material 2

c d
- ~O.I 0.25 0.5 2 x

a a

I 1.051 1.023 1001 0.9782 0.9590 0.9276
k,la, ) 0.5 0.9SI-t 0.9658 0.95-t6 0.9-t51 0.9373 0.9276
Cit'!\, a 0.25 09-tS8 0.9411 0.9363 0.9328 0.9305 0.9276

0.1 0.9329 0.9305 0.9293 0.9285 0.9280 09276

I 1591 1.27-t 1.122 1029 0.9773 09276
k,(;', ) 0.5 1320 1.106 1.015 0.9665 09-t-t1 0.9276
CTM,,'a 0.25 I 137 1.008 0.961-t 0.9-t05 0.9325 0.9276

n.1 1.00) 0.9500 09353 0.9301 O.92l'1-t 0.9276

I 1591 1.27-t 1.122 1.029 0.9773 0.9276
k,ll/,) 0.5 1.221 0.9665 0.lH2-t 0.7658 0.72-t0 06851
(Tn" a 0.25 09261 0.7202 0.618S 0.5567 0.5236 0-t9-t3

0.1 0.6.127 OA77-t OA023 03577 0.33-tl'l 0.3 I5-t

I 1.051 1.023 1.001 097l'12 0.9590 0.9276
k,(;',) 0.5 OS-t-tl 0.8019 0.7687 o7.186 0.7151 o61\SI
rr",,,(/ 02S 06S17 0.6221\ 0.5790 OS-t36 0.5201 OA9-t.1

Ol OSI-I3 OA375 031\1\0 0.3535 033.15 O.315-t

Tahle- 9. The clkct of till' inleraction of tWI' cl'planar throll~h cracks on the normalized stress intensity factors in
an orthotropie plate lImkr hcndin~ M:: = M". Ifh = 6il1",!"'. a = (I>, - a, )/2. c = (I>, - £1,)/2. " = a, -", (Fig. I.

eqn (71 ). material 3

c d
~O.I 02S O.S 2 "

a a

I 1.031 1.00-t 09l'121 O.9Sl'I2 0.9375 0.9050
k ,(a,) O.S 0.95'15 0'J-t-t2 0.9332 0.923l'1 0.9152 O'J050

(1", ...,/ tl 0.25 O'12f,] O'Jll'Il'I 0.91-t1 0.9106 O.90l'l3 O.'JOSO
0.1 O.919-t O.90S0 O')06l'1 O'JOW 0.9059 0.9050

I U-t7 1.2-t6 1.101 1.011 O.95l'1 I 0.9050
k ,(1),) 0.5 1.287 1.0l'lO 0.9917 O.9-t52 O.922l'1 0.9050

(1h,,'" 025 1.11 I O.9l'1-t1 O.93l'15 0.9183 0.9103 0')050
11.1 0.910.1 O.n71 0.9127 0.9076 O.905-t 0.9050

I 15-t7 1.2-t6 I.IOl 1.011 095XI 0.9050
k,(a,) 0.5 1.206 0.9550 OKlO I 0.7507 0.7067 0.6752

tTh\./a 0.25 0'1205 0.7171 0.6150 0.5505 O.515-t OA912
0.1 O.6.IOX OA775 OAOl9 03555 0.3311 0..1 l-t l )

I 1.031 I.OO-t O.9S21 0.9582 0.9375 0.9050
k,(;',) 0.5 O.X2S9 0.7869 0.7529 0.7216 O.69S1 0.6752

(10" "
0.25 0.6777 0.6187 0.5736 O.5JM 0.5116 O-t11l2
0.1 (J.5I-tO OA.I75 0.3872 0.3510 0.3.100 0.31-11)

l~nding to th~ corresponding single crack values as d -+ 00. and k I (h d and k I (a2) becoming
unbounded as d -+ 0 are the expected results.

Some results for a single semielliptic surl~lce crack in an orthotropic plate under a
bending moment M :~ = M 0 and a membrane load N:, = Nil (Fig. I) are given in Figs 5
X. The normalizing stress intensity factors k{; and kt in these and in the remaining surface
crack examples are the corresponding plane strain values obtained from a strip with an
edge crack of length Lo subjected to bending or tension and are given in Table 3 (where
L = Ln. (1h = 6ll,fo/II~, (1, = No/II). The profile of the crack is

(73)

Figures 5 and 6 show the normalized stress intensity factors at .\"2 = Y = 0 (Fig. I) for the
plate under bending and tension. respectively. Note that for (alII) -+X!, kb -+ kb and
k, -+ k

l
e • that is the plane strain results are recovered. For alII = I the distribution of the
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Table 10. The effect of crack interaction on the normalized stress intensity factors in an isotropic or orthotropic
plate under uniform tension N,., '" No. tTl'" No/h. Q'" (bl-al)!2. c = (b J -a;:};2. d'" Q,-b, (Fig. I)

c d
0.5--0.1 0.25 2 OC;

a a

I 1.151 1.1 L! 1.0811 1.052 1.028 1.000
k,(<l,) 0.5 1.066 1.045 1.030 1.018 1.009 1.000
tT", <I 0.25 1.026 1.016 1.010 1.005 1.003 1.000

0.1 1.007 1.004 1.002 1.001 1.000 1.000

I 1.795 IAI4 1.229 1.113 1.048 1.000
k,(f>,l 0.5 1.449 1.206 1.100 1.043 1.016 1.000
(1' .... <I 0.15 1.234 1.090 1.038 1.014 1.005 1.000

0.1 1.010 1.025 1.009 1.003 1.001 1.000

I 1.795 1.414 1.129 1.113 1.048 1.000
k,(a,) 0.5 1.329 1.035 0.8889 0.7962 0.7446 0.7071
11~" (l 0.25 0.9915 0.7595 0.5955 0.5683 0.5280 0.5000

0.1 0.6732 0.5006 0.4151 0.3624 0.3349 0.3162

I 1.151 1.112 1.08H 1.052 1.028 1.000
k,(h,) 0.5 0.8956 0.8429 0.8007 0.7626 0.7347 0.7071

(1" £l 0.25 0.7170 0.6480 0.6425 0.5524 0.5235 0.5000
0.1 0.5422 0.4557 0.3985 0.3573 0.3336 0.3162

--- Malerlal 2
--- Malerlal 3 LoIh • 0.2

a/h

Fig. 5. The normalized slress intensity factor at Ihe ma~imum penelration point of a sclllielliptic
surface erad in an orthotropic plate under bending (Fig. I. Table I) (for k~' = kh sec Table 3 for

a corresponding crack depth Lo = i.).

--- Malerlal 2
- - - Malerlal J

1.0

all!

Fig. 6. The normalized stress intensity factor at the ma~imum penetration point of a scmielliptic
surface crack in an orthotropic plate under tension (Fig. I, Tables I and 3).
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0.5
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.....!!.0.4
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0.4 2
k b (Y)

kex>
b 0.3

0.2 Mat. 3

0.1 2

0 O.S

Y/a

Fig. 7. The Jistrihution pf the stress intensity factor along the fwnt pf a semielliptic surface crack
in a plate umler !'lending (sec Tanle I for material cnnstants and Tahle J for ""~).

0.6 Mat. 3

O.S

0.4
k t (y)
-ex>-

lit
0.3 Lob- O•6

0.2
Mat. 3 2

0.1

I I
0 O.S 1.0

Y/a

Fig. ll. Thc distribution of the stress intcnsity factor along the front of a scmielliptic surface crack
in a plate under tension (s.-c Table I for material properties and Table 3 for K,' ).

stress intensity factors along the crack front in a plate under bending and tension is shown
in Figs 7 and 8, respectively. These results indicate that in some cases the material orthotropy
may have a signilicant elTect on the stress intensity factors. On the other hand in a mildly
orthotropic material such as TOPAZ (materials 4 and 5, see Table 2) the results for a
through erack in a plate under bending is hardly distinguishable from the isotropic plate
results. A simihlr conclusions may be drawn for a surface crack from the results given in
Table II by comparing them with the isotropic plate solution given, e.g. by Joseph and
Erdogan (1987) and Erdogan (1986).

The effect of the interaction of two coplanar semiclliptic surface cracks of the same
depth Lo on the stress intensity factors in an orthotropic plate undcr bending and tcnsion
is shown in Tables 12-14. As expectcd, the intcraction between surfacc cracks scems to be
weaker than the corresponding through cracks.
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Table II. Stress intensity factor at the maximum penetration point of a semielliptic surface crack
in an orthotropic plate under bending M" or tension N". materials 4 and 5. a l = -a. hI =a. a1 =b1

(Fig. I)

Lu/h
Material ah 0.1 0,4 0.6 0.8

0.5 0.710 0.303 0.049 -0.029

kb(O) I 0.809 0.441 0.130 -0.013
1 0.872 0.575 0.233 0.015

k; 4 0.923 0.704 0.365 0.062
6 0.946 0.776 0.458 0.101

4
0.5 0.729 0.387 0.173 0.049

k,(O) I 0.820 0.506 0.244 0.071
2 0.881 0.623 0.332 0.102

k~
4 0.928 0.736 0.445 0.146I

6 0.949 0.799 0.523 0.182

0.5 0.697 0.290 0.044 -0.0293

k.(O) I 0.797 0.424 0.121 -0.0141
2 0.864 0.558 0.221 0.012

k:: 4 0.918 0.691 0.351 0.057

5
6 0.943 0.766 0.444 0.095

0.5 0.717 0.375 0.169 0.048
k,lO) I 0.809 0.491 0.236 0.070

k' 2 0.873 0.608 0.322 0.099, .. 0.923 0.725 0.433 0.141
6 0.945 0.790 0.512 0.176

0.15 0.5R5 0.184 -0.003 -0.0345
k.(n) n.S 0.715 O.JOt) n.053 -0.0287
k; I 0.811 0.446 O.Db -0.0119

2 n.882 0.586 0.242 1>.0179

0.25 n.613 0.284 0.124 0.034
k,(O) 0.5 n.7.!3 0..192 0.176 0.050
k," \ U.X:23 0.51U 0.247 0.073

2 n.88!) 0.63\ 0.339 0.104

Table 12. Interaction of two coplanar semidliptic surface cracks of the same depth Lu in an orthotropic plate
under bending M':;' = M., and tension N:;' = N•. The stress intensity factors shown are at the maximum
penetration point L(y,) = Lu of each crack: a = (h,-a,)/2. <' = (h z-a:lf1. d = az-b, y, = (b, +al)f2,

Y1 = (bz+dz)/2 (Fig. I). L"fh = 0.4, material 2

c d
0.5 2--0.1 0.25 00

a a

I 0.444 0.437 0.430 0.423 0.417 0.409
k.(Yt) 0.5 0.430 0.425 0.420 0.416 0.412 0.409

k: 0.25 0.419 0.416 0.414 0.412 0.410 0.409
0.1 0.412 0.411 0.410 0.410 0.410 0.409

I 0.444 1.437 0.430 0.423 0.417 0.409
k.(yJ 0.5 0.298 0.287 0.277 0.268 0.262 0.255

k: 0.25 0.171 0.158 0.148 0.140 0.135 0.130
0.1 0.054 0.043 0.036 0.032 0.029 0.027

I 0.505 0.500 0.494 0.488 0.483 0.477
k,(y.) 0.5 0.494 0.490 0.486 0.482 0.479 0.477
k" 0.25 0.485 0.482 0.480 0.479 0.478 0.477t

0.1 0.479 0.478 0.477 0.477 0.477 0.477

I 0.505 0.500 0.494 0.488 0.483 0.477
k,(yz) 0.5 0.380 0.370 0.362 0.355 0.350 0.345

k'" 0.25 0.270 0.250 0.252 0.245 0.241 0.237t
0.168 0.160 0.1540.1 0.150 0.148 0.146

Finally, it should be pointed out that in plates containing through cracks or very deep
part-through cracks subjected to bending only, the crack faces on the compressive side of
the plate would be partially closed. Therefore. the solution given in this paper would not
be valid for such problems. The solution is valid only if the plate is subjected. in addition
to bending, to a membrane loading ofsufficiently high magnitude so that the stress intensity
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Table 13. Interactwn of two coplanar semielliptic surface cracks of same depth Lo in an orthotropic plate under
bending .\E." = .\E". and tension .V:, = N". The stress intensity factors shown are at the maximum penetration
POint Lly,) f.." of each crack: a=fb,-a,).~. ,,=(b,-aY~. d=a,-b, .l·,=(h,+a,)~. r,=th.+a,l:

(Fig. I). L",h = O..t. material 3 .

c d
0.~5 0.5 ~

~O.I - J~

a a

I 0.554 0.548 0.54~ 0.535 0530 0.522
k,(y,l 0.5 054~ 0.537 0.533 0.529 0.5~5 0.522

k; 0.25 0.532 0.529 0.527 0.524 0.5~3 0.5:2
0.1 05~5 0.524 0.523 0522 0522 0.522

I 0.554 0.548 0.5..12 0535 0.530 0.522
khlr,l 05 0 ...103 0.393 0.383 037..1 0..'67 (Uhl

k; O.~, 0.2,6 0.~4~ 0.~31 0223 0.217 0.212
01 0.103 0.091 0.083 0.078 0.07..l 0.072

I 0.600 0.596 0.591 0.585 0.5XI 057..1
k,(l',) 0.5 0.591 0.587 0.583 0.580 0.577 0.574

k,' 0.25 0582 0.580 0.578 0576 0.575 057..1
0.1 0576 0.576 0.575 0.575 0.575 0.574

I 0.600 0.596 0.591 0.585 0.5XI 057..1
k,(.l',) 0.5 OA70 0..t61 0...153 0...146 OA40 O.·n5

k,' 025 (1..'·n 0.332 0.324 0..'116 (1..'112 (UOX
0.1 0.211 0.202 0.196 0.192 o IX9 0.187

Tahle 14. Int~racti,'n "r I"''' ~qllal semicllil'tic surface cracks in an isotwrk and an ortlwtwpic pt.lc under
hemlin~ .\(" and tension X,,: (/ (I>, "11, )i2. " a~ ·h,.,· II. II/It 'cC I. r, (h, f'(/,l 2

d.'(/
r.btl·ri;d I.,,/It 0.1 O~S O.S 2

kh!.I·,)/k,:
0.2 O.X.12 0,x2') O.X26 0.821 0.81/, O.XIl
H.4 0.4X8 0.4XI 0...170 O..tI,S OAS6 0...146
0.11 0.11,5 H.15') H.IS} 0.147 0.1-11 o I.l~

0.8 ·-0.00'; -0.tIl16 ··0.008 -tUll),) -O.O(() -HOlI

H2 0.81S 0.81 : O.8H,) H.806 0802 0.7')8

2
0...1 HA4-1 OA37 O..t.10 0.-123 0.417 H.-IO,)
0.6 0.121 0.115 H.11O H 105 H.IOI H.O')7
0.8 -0.021 -IU122-1 -H.0~}5 -O.0~-I5 -H02S3 -0.0260

0.: 0.87.1 (1.1\71 0.X6') 0.866 O.,~114 H.XI,I

3
0...1 H554 0.5-1X 0.54~ 0.535 0.5.10 H.522
H.6 H.201 H.I')-I H.IX,) H.IX.1 H.17X tUn
0.8 -00026 -0 H045 ·.. 0.HH62 -0.007X -0.00') -0.0103

k,(y,)(k,'
0.2 0.842 H.840 0.X37 0.833 0.82X 0.823
0.4 0.5-15 0.540 0.533 0.526 H.518 0.511
0.6 0.270 0.266 0.261 0.256 0.252 0.247
O.X (1./J76 0.076 0.H75 0.074 0.073 0.073

0.2 0.826 0.1'23 0.X20 0.817 0.1'1-1 0.1'10

2
0.4 0.505 0500 OA'.I4 OAXX OAK} OA77
0.6 0.23-1 0230 0.226 0222 0.219 0215
O.S 00622 0.06/1 0.0602 0.05'>2 0.051'5 0.0578

0.2 O.SSO 0.878 0.1'76 0.1'74 O.X72 0.S(,9

0.4 0.600 0.596 0.5'.11 0.5S5 0.51'1 057-1
0.6 H.301 O.:!97 O.:!92 0.2XK 0.283 0.279
(1.1, 0.OX22 n.OKI n.ON) 0.01'0 0.077 (UJ76

factor is positive everywhere along the crack front. The problem of a plate with a through
crack under pure bending is a crack-contact problem which was recently considered by
Joseph and Erdogan (1989) .

..lckf/fII,.(",fqI'1II1'1II-This work was surl,orteu by NASA Langley under Grant NAG· I· 713 and by NSF under
Grant MSM-X61J611.
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APPENDIX

The functions II" and H, (1'. j = 1.2. Jl

1l"lx) = [S11I11;+s"A,m:- ~(S!!S,'+S'1s .. ).-I,m:}x

- [ S"A,m; -S,! -SI1A,II/; - 5~' (S"SIj +SI!.~,.. )A.m;J2' -.l,:A:2! (AI)

(A2)

wh\.'re

.1.,-).,
R,('ll '" -;;;;0"': p.,A:Q, +(i., +).,)2'Q. -2'Q, +'l·Q.Jm(:x)

W(2) '" (.q(y) c'" orJ,

(AJ)

('\4)

(AS)

(1\6)

(A7)



BI~G-Ht.:,\ Wt.: and F ERDOGA~

;" = m,= (i = I. 2, .3)

(AB)

(A9)

h)
P: = 6S,,'

h'S ..
P, = l2t.

h'S" h'
P" = -_: - ~--

[2.1 65bb

h"5,,5,: /t:S"
P, =------

10.1 105,1>
(All)

(AI2)


